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Affine extensions

Direct extensions
Induced extensions

Motivation: Viruses

Geometry of polyhedra described by Coxeter groups

Viruses have to be ‘economical’ with their genes

Encode structure modulo symmetry

Largest discrete symmetry of space is the icosahedral group
Many other ‘maximally symmetric’ objects in nature are also
icosahedral: Fullerenes & Quasicrystals

@ But: viruses are not just polyhedral — they have radial
structure. Affine extensions give translations
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Affine extensions
Direct extensions
Induced extensions

Viruses: Caspar-Klug triangulations

A
AR
4

(1,1 (2,0 (2,1) (3,0)

CK theory introduces local (6-fold) symmetry
axes {capsomeres are invariant but not capsid)
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Induced extensions

Viruses: Caspar-Klug triangulations
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Affine extensions
Direct extensions
Induced extensions

Root systems — A,

Root system ®: set of
vectors o such that

1.‘¢ﬂRa:{—a,a} Vaed)‘

2.\sa¢:¢Vae¢\
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Affine extensions

Root systems — A,

Direct extensions
Induced extensions

(0%) o+ 0o

—0q (041

—(u+om) -

Pierre-Philippe Dechant

Root system ®: set of
vectors o such that

1.‘¢ﬂRa:{—a,a} Vaed)‘

2.\sa¢:¢Vae¢\

Simple roots: express
every element of ® via a
Z-linear combination
(with coefficients of the
same sign).
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Cartan Matrices

Cartan matrix of a;js is | Ajj =2
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Induced extensions

Cartan Matrices

Cartan matrix of ;s is | Ajj = 2M = 2M cos 0
(o, ;) ||
angles | cos® 8;; = 22iAii | lengths I? = A—J”/?

Ai=2 A,'J'EZSO ‘AUZO@AJ',':O‘.

2 -1
wa(d )
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Cartan Matrices

Cartan matrix of ;s is | Ajj = 2M = 2M cos 0
(o, ;) ||
angles | cos® 8;; = 22iAii | lengths I? = A—J”/?

Ai=2 A,'J'EZSO ‘AUZO@AJ',':O‘.

2 -1
wa(d )

Coxeter-Dynkin diagrams: node = simple root, no link = roots
orthogonal, simple link = roots at %, link with label m = angle Z.
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Direct extensions
Induced extensions

Coxeter groups

A Coxeter group is a group generated by some involutive

generators s;,s; € S subject to relations of the form | (s;js;)™ =1

with mjj = mj; > 2 for i # j.
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Coxeter groups

A Coxeter group is a group generated by some involutive

generators s;,s; € S subject to relations of the form | (s;js;)™ =1

with mjj = mj; > 2 for i # j.

The finite Coxeter groups have a geometric representation where
the involutions are realised as reflections at hyperplanes through
the origin in a Euclidean vector space &. In particular, let (-|)
denote the inner product in &, and v, x € &.

The generator sy corresponds to the reflection
(vo)
(|cx)
at a hyperplane perpendicular to the root vector a.

The action of the Coxeter group is to permute these root vectors.

SV —se(v)=v—2

o
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Affine extensions

An affine Coxeter group is the extension of a Coxeter group by an
affine reflection in a hyperplane not containing the origin sgg

whose geometric action is given by

2
ség’rv:ao—i-v—wao

(ao|ao)

Non-distance preserving: includes the translation generator

Tv=v+w :sggfsaov
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Affine extensions — Ay
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Affine extensions — Ay
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Affine extensions
Direct extensions
Induced extensions

Affine extensions — Ay

Affine extensions of crystallographic Coxeter groups lead to a
tessellation of the plane and a lattice.

\
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Induced extensions

Affine extensions of crystallographic groups A4, Ds and Eg

(0%)]

01 Op O3 Oy

Op Qo Qe Qe
Op 01 O O3 Og Ok 01 O O3 Oy Os Op O1 O O3 Oy Os
og

Op 01 O O3 Og Os5 O O7
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Non-crystallographic Coxeter groups Hy C H3 C Hy

T(01 + 02
OC1+T062( )
TO + 0 5
o 0——0 a=(27)
—a 2l oO—O0—220 A= 21 2l ”1
0-72
—(toq + —a 2-10 0
(zon + 0 2 e 5 N {12 10\
o ~ -~ A=l o 12 ¢
(o1 +700) 00-12
—r(a1+a2)

Hy C Hz C Hy: 10, 120, 14,400 elements, the only Coxeter groups
that generate rotational symmetries of order 5
linear combinations now in the extended integer ring

1
‘Z[T] ={a+1bla,beZ} ‘ golden ratio |7 = 5(1 +/5) = 2cosg

1 2
1":cr:§(1—\/§):2cos?7t ‘T—I—G:l,‘L'G:—l
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Affine extensions of non-crystallographic root systems

Unit translation along a vertex of a unit pentagon
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Affine extensions of non-crystallographic root systems

Unit translation along a vertex of a unit pentagon
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Affine extensions

Direct extensions
Induced extensions

Affine extensions of non-crystallographic root systems

Unit translation along a vertex of a unit pentagon

A random translation would give 5 secondary pentagons, i.e. 25
points. Here we have degeneracies due to ‘coinciding points’.
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Affine extensions of non-crystallographic root systems

Translation of length 7= 1(1+/5) ~ 1.618 (golden ratio)

o
G o ©
o o
oe o
o © o
o ° o
° o o
oe o
o o
° o
o

Looks like a virus or carbon onion
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Blueprints
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Affine extensions

Direct extensions
Induced extensions

Extend icosahedral group with distinguished translations

o Radial layers are simultaneously constrained by affine
symmetry

e Affine extensions of the icosahedral group (giving translations)
and their classification.
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Induced extensions

Applications of affine extensions of non-crystallographic
root systems

Journal of
AlP Mathematical Physics

Know your onions

There are interesting applications to quasicrystals, viruses or carbon
onions later, concentrate on the mathematical aspects for now
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Affine extensions

Direct extensions
Induced extensions

Crystallographic 1 Extend Affine extensions
Coxeter groups Eg, Dg, Ay AT, D6>. Ds, Dﬁ< and E
Project/Lift

Non-crystallographic
Coxeter groups Hy, Hay, Hy
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Affine extensions

Direct extensions
Induced extensions

Crystallographic 1 Extend Affine extensions
Coxeter groups Eg, Dg, Ay AT, Dﬁ>. Ds, D6< and Eg

Project/Lift

Non-crystallographic 1 Extend (DBT1) Affine extensions
Coxeter groups Hy, Hs, Hy J R RIS IR R Gl T
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Affine extensions

Direct extensions
Induced extensions

Crystallographic 1 Extend Affine extensions
Coxeter groups Eg, Dg, Ay AT, Dﬁ>. Ds, Dﬁ< and E
Project/Lift Induce (DBT2)

T
1
1
1
1
1
1
1
1
1
1
1
1
1
1

T

Non-crystallographic 1 Extend (DBT1) Affine extensions
Coxeter groups Hy, Hi, Ho J s N H o Hi SH s and Hip
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Affine extensions
Direct extensions
Induced extensions

Kac-Moody approach

Can recover these directly at the Cartan matrix level:
Kac-Moody-type affine extension A?f of a Cartan matrix is an
extension of the Cartan matrix A of a Coxeter group by further

rows v and columns w such that:

Alff — <2 VT) At =2 A2ff e 7[]
w A 1 y

AZ-’CF§0 moreover, Aaff 0<:>Aaﬁr 0

determinant constraint | det A% =0
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Kac-Moody approach to H; oéo
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Extension along the highest root

2

2
A=|ly 2 -z Xy=2—T=0
y —t 2

symmetric ‘x =y=0=1- ’C‘ recovers Hfff from Twarock et al

new asymmetric e.g. ‘ (x,y)=(r—2,-1) ‘ or ’ (x,y)=(-1,7-2) ‘

Write x = (a+ tb) and y = (c+7d) with a,b,c,d € Z, i.e. H3" is
(37 b; C7d) — (17_1; 17_]')'
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Fibonacci scaling

The (non-trivial) units in Z[t] are ¥, k € Z

2

Can generate all solutions to the determinant constraint | xy = ¢
by
scaling | x = 7 %x,y = 18y || xy invariant (giving the angle),
but different lengths \/§—> \/grfk
Fibonacci scaling
(a,b;c,d) — (b,a+ b;d —c,c) for multiplication by (7,77!) and
(a,b;c,d) — (b—a,a;d,c+d) for multiplication by (t71, 1)
a\ (0 1\ /a
) \1 1)\b

Swapping generates another solution, but here symmetric
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Extension along a bisector

2
0

((y)=(z=3,-1)|or|(x.y) = (-1,7-3)|
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Extension along the highest root — two-fold axis T,

1
o = (0,1,0), O = —E(—G,l,f), 03 = (0,0,1)

2 0 x 0
0O 2 -1 0

2=(1,0,0) A= y -1 2 -z xy=02=2—-1
0 0 -1 2

Same solution as in the previous case of Hs.
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Extension along a three-fold axis T3

1
o = (0,1,0), O = —5(—6,1,7), 03 = (0,0,1)

2 0 0 «x
0 2 -1 0 4
T3 =(1,0,0) A= 0 -1 2 1 Xy:§62

No longer Z[t]-valued, and hence solutions do not exist in Z[7].
What now? Allow Q[7]? Write x = y(a+ tb) and y = 6(c + td)

4
with a,b,c,d € Z and 7,6 € Q. Need | y6 = 3 then can recycle

integer solution
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Extension along a five-fold axis Ts

1
o =(0,1,0), ap = —E(—G,l,r), o3 =(0,0,1)

2 x 0 0
y 2 -1 0
A= 4
| T5=(7,-1,0)] 0 -1 2 -7 xy=:(3-17)
0 0 -1t 2

Same solution (two series) as before in the case of Ha, but this
time with the additional degree of freedom.
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Projection and Diagram Foldings

ay e ag oy as g ag ay az ag ay
1} fold 12— 2Z[r]
m as a3 a a ay a3 Tas
O m O
=
O O project O O
ar as as as rar Tas Tas ay

SB, = Soy Saz> SBy = SotpSots SBy = Stz Sctss Py = SouSey = Ha

Eg has two Hj-invariant subspaces — blockdiagonal form
De has two Hs-invariant subspaces
Az has two Hs-invariant subspaces
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Recap: Affine extensions of crystallographic groups

%o

01 Op O3 Oy

O6 0o Op Op
Op 01 O O3 Oy O 01 O O3 Oy Os Op 01 O O3 Oy O
og

Op 01 O O3 Og Os5 O O7
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Affine extensions — E8:

]
O—O——O0—O0—=0 i O—O
o o (0% o3 (07} O O (074

—0p =201+ 302 +403+ 504+ 605+ 406 + 207 + 308

AKA E; and along with Ef " and E5 *" thought to be the
underlying symmetry of String and M-theory

Also interesting from a pure mathematics point of view: Eg lattice,
McKay correspondence and Monstrous Moonshine.
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Affine extensions — simply-laced Dg", Ay

20-10000

- - 02-10000
—1-12-10 0 0

AMD7)=]00-12-10 0

. ax a3 a1 Qs 000-12-1-1

0000-120
000O0-102

| — 00 = 0 + 205 + 203+ 2064 + 05 + Ot

Qg

2—-10 0-1
@@@ PETRT
AAD) =] 0-12-10

aq a9 as Qy 00-12-1
—-10 0-12

\—0602061-1-0624—063—1—064
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Affine extensions — D¢~ and Dg’

as 2-200000
6

-12-100 00

0-12-1000

ADg)=|00-12-10 0

Qo [¢51 Q2 asz Qg Qas 000-12-1-1

0000-120
0000-10 2

2-100 00

0
—22-1000 0

i 0-12-100 0
AMDZ)=]00-12-10 0

000-12-1-1
0000-120
0000-10 2

1 1
—0602061+(X2+(X3+064+§a5+§a6

—0p =201+ 20 + 203+ 200 + 05 + g
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Induced affine roots: H, from Eg

| — 00 =20 + 305 + 403+ 504 + 605 + 406 + 2017 + 305 |
—ao = m|(—a0) =2(1+7)ar + (3+41)ax +2(2+31)a3 +(3+57)as

1 1
(a1]a2) = 5 (a2la3) =3 (a3]as) = —g :

2 -2 0 0 O
-1 2 -1 0 0
AH7)=|0 -1 2 -1 0
0 o -1 2 -z
0 0 0 -t 2
induced affine root of lengths 7 and 1/7 along the highest root
oy =(1,0,0,0) of Hy

Pierre-Philippe Dechant
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Direct extensions
Induced extensions

Induced affine extensions: H:~ from Ay, Dg” and Eg

affine extensions of lengths 7 and 1/7 along the highest root oy of
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Induced affine extensions: three HE;L from D6+

ARE) = 1 1 o
0 0 -7 2
2 2(r-3) 0 O
-1 2 -1 0
A(H) =1 ~1 2 1
0 0 -1 2
2 2t-3) 0 0
-2 2 -1 0
A(HT) = g 1 2 1
0 0 -7 2
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Comparison with DBT1

° Hf’ff was the symmetric special case of the Fibonacci ‘family’
of solutions

@ H: induced by projection of the affine extensions Eg~, Dy,

1

A7 is the 'first asymmetric case’
o Achieved by scaling the symmetric solution of H# by (7,771)

@ Projection from D¢ and Dg give extensions along 5-fold axes
of icosahedral symmetry, from Dg along 2-fold axes

@ These are exactly what we were looking for for icosahedral
applications!
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Invariance under Dynkin diagram automorphisms

O t fi i
a ~ O

P & & ot
o raz
- — al %3 az ay as
O —0
ay et g Yq -
.y ! ~ ~
O O O O O O ag
a1 P
~ =
C —O
[a1i) (45} 2 o3 [e¥Y Q5

‘—06020614-062—1—0634-064‘
| — 00 = 0 + 200 + 2053+ 204 + 05 + %6 |
‘—OC():2061+2062+2063+2OC4+(X5+OC6‘
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Applications Virus Structure
Fullerenes and Carbon onions

Extend icosahedral group with distinguished translations

@ Radial layers are simultaneously constrained by affine
symmetry

@ Works very well in practice: finite library of blueprints

@ Select blueprint from the outer shape (capsid)

e Can predict inner structure (nucleic acid distribution) of the
virus from the point array

Affine extensions of the icosahedral group (giving translations) and
their classification.
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Applications Virus Structure
Fullerenes and Carbon onions

What's the point?

ppe Dechant Affine symmetry principles for non-crystallographic systems &



Applications Virus Structure
Fullerenes and Carbon onions

Use in Mathematical Virology

@ Suffice to say point arrays work very exceedingly well in
practice. Two papers on the mathematical (Coxeter) aspects.

@ Implemented computational problem in Clifford — some very
interesting mathematics comes out as well (see paper
‘Platonic solids generate their 4-dimensional analogues’).
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Applications Virus Structure
Fullerenes and Carbon onions

Use in Mathematical Virology

@ Suffice to say point arrays work very exceedingly well in
practice.

@ Implemented computational problem in Clifford algebra —
some very interesting mathematics comes out as well (see
paper ‘Platonic solids generate their 4-dimensional
analogues’).

Journal of
AlP ‘ Mathematical Physics

Know your onions
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Fullerenes and Carbon onions

Use in Mathematical Virology
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Applications Virus Structure
Fullerenes and Carbon onions

Constraints of carbon chemistry

@ Relevant carbon bonding here is trivalent
@ Bond lengths and angles need to be pretty uniform

o For example, the well-known football-shaped Buckyball Cgg

Pierre-Philippe Dechant Affine symmetry principles for non-crystallographic systems & :



Applications Virus Structure
Fullerenes and Carbon onions

Strategy

@ Extend icosahedral shapes with a translation and take orbit
under the compact group

@ Select outer shells that are three-coordinated and uniform
enough

@ For the usual icosahedron, dodecahedron, icosidodecahedron
find few not very interesting possibilities

@ For Cgp and Cgp start, get a unique extension that exactly
give the known carbon onions Cgg — Cog9 — Csgp and
Cgo — C180 — G320
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Applications Virus Structure
Fullerenes and Carbon onions

Fullerene cages derived from Cgg

o Extend idea of affine symmetry to other objects in nature:
icosahedral fullerenes

@ Recover different shells with icosahedral symmetry from affine
approach starting with Cg: carbon onion (Csp — Coao — Csap)
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Applications Virus Structure
Fullerenes and Carbon onions

Fullerene cages derived from Cgg

o Extend idea of affine symmetry to other objects in nature:
icosahedral fullerenes

@ Recover different shells with icosahedral symmetry from affine
approach starting with Cg: carbon onion (Csp — Coao — Csap)
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Applications Virus Structure
Fullerenes and Carbon onions

Fullerene cages derived from Cgg

o Extend idea of affine symmetry to other objects in nature:
icosahedral fullerenes

@ Recover different shells with icosahedral symmetry from affine
approach starting with Cg: carbon onion (Csp — Coao — Csap)
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Applications Virus Structure
Fullerenes and Carbon onions

Fullerene cages derived from Cgg

@ Extend idea of affine symmetry to other objects in nature:
icosahedral fullerenes

@ Recover different shells with icosahedral symmetry from affine
approach starting with Cgp: carbon onion (Cgp — Cigo — C320)
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Applications Virus Structure
Fullerenes and Carbon onions

Fullerene cages derived from Cgg

@ Extend idea of affine symmetry to other objects in nature:
icosahedral fullerenes

@ Recover different shells with icosahedral symmetry from affine
approach starting with Cgp: carbon onion (Cgp — Cigo — C320)
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Applications Virus Structure
Fullerenes and Carbon onions

Fullerene cages derived from Cgg

@ Extend idea of affine symmetry to other objects in nature:
icosahedral fullerenes

@ Recover different shells with icosahedral symmetry from affine
approach starting with Cgp: carbon onion (Cgp — Cigo — C320)
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Applications Virus Structure
Fullerenes and Carbon onions

Growth of shells by a hexamer at a time

@ Hence, for Csp and Cgg start, get a unique extension that
exactly give the known carbon onions Cgp — Coag — Csa0 and
Cgo — Cigo — C3p0 by inserting an additional hexamer at each

step
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Applications Virus Structure
Fullerenes and Carbon onions

Viruses and fullerenes — symmetry as a common thread?

@ Get nested arrangements like Russian dolls: carbon onions
(e.g. June: Nature 510, 250253)

@ Potential to extend to other known carbon onions with
different start configuration, chirality etc

0500 &
o
e dy
XY
ot
0 %8®
©g
Y
%,q°.
L}
S
XY
3\(\‘»‘0
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o,
Cotd
w0
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A 3D spinorial view of 4D exceptional phenomena

3D vs 4D

Have A,, B, and D, families of root systems in any dimension

@ In 3D, have Hs as an accident (icosahedron and
dodecahedron)

In 4D, have F4 and H4 (and in some sense D,) as accidents

These 4D accidents have unusual automorphism groups

Can induce all of these from the 3D cases, show they are root
systems and explain their automorphism groups
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A 3D spinorial view of 4D exceptional phenomena

Clifford Algebra and orthogonal transformations

@ Form an algebra using the Geometric Product for two vectors

abza-b—l—a/\b‘

@ Inner product is symmetric a-b = %(ab—i— ba)

@ Reflecting ain b is given by |a’ =a—2(a-b)b= —bab| (b and
—b doubly cover the same reflection)

@ Via Cartan-Dieudonné theorem any orthogonal transformation
can be written as successive reflections

X' =£mny...nexng...nom ‘: +AxA
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A 3D spinorial view of 4D exceptional phenomena

Clifford Algebra of 3D

e E.g. Pauli algebra in 3D (likewise for Dirac algebra in 4D) is

{1}  {e,e,e3} {e1e2, 063,361} {/ = erenes}
~—~ ~
1 scalar 3 vectors 3 bivectors 1 trivector

@ We can form the elements of the Coxeter groups by
multiplying together root vectors in this algebra a;o; . ..

@ In general get something with 8 components, here restrict to
even products (rotations/spinors) with four components:

R=ag+aiees+areze; +azeieo = RR = ag +af +a§ +a§

@ So behaves as a 4D Euclidean object — norm
(R, R2) = 3(RoRy + RLRy)
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Induction Theorem — root systems

@ Theorem: 3D spinor groups give 4D root systems.
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A 3D spinorial view of 4D exceptional phenomena

Induction Theorem — root systems

@ Theorem: 3D spinor groups give 4D root systems.
@ Check axioms:

1.‘¢0Ra: {-a,a} Vae <D‘

2/54® =0V o€ D
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A 3D spinorial view of 4D exceptional phenomena

Induction Theorem — root systems

@ Theorem: 3D spinor groups give 4D root systems.

@ Check axioms:
1.‘¢0Ra: {—-o,0} Vae <D‘
2/54® =0V o€ D

@ Proof: 1. R and —R are in a spinor group by construction
(double cover of orthogonal transformations), 2. closure under
reflections is guaranteed by the closure property of the spinor
group (with a twist: —Rlli;le)

@ Induction Theorem: Every rank-3 root system induces a
rank-4 root system (and thereby Coxeter groups)

@ Counterexample: not every rank-4 root system is induced in
this way
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A 3D spinorial view of 4D exceptional phenomena

Spinors from reflections

@ The 3D Coxeter groups that are symmetry groups of the
Platonic Solids:

The 6 reflections in A; x A; X A; generate 8 spinors.

+e1, *ep, te3 give the 8 spinors £1,+e1er, £eres, Teze

The discrete spinor group is isomorphic to the quaternion
group Q.
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A 3D spinorial view of 4D exceptional phenomena

Spinors from reflections

@ The 3D Coxeter groups that are symmetry groups of the
Platonic Solids:

@ The 6/12/18/30 reflections in Ay x A; X A1/A3/Bs/Hs
generate 8/24/48/120 spinors.

o E.g. +e1, ey, +e3 give the 8 spinors +1,+e1e, tere3, 361

@ The discrete spinor group is isomorphic to the quaternion
group @ / binary tetrahedral group 2T/ binary octahedral
group 20/ binary icosahedral group 2/).
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A 3D spinorial view of 4D exceptional phenomena

Exceptional Root Systems

@ The 16-cell, 24-cell, 24-cell and dual 24-cell and the 600-cell
are in fact the root systems of A; X A; X A1 X A1, Dy, F4 and
Ha

@ Exceptional phenomena: Dy (triality, important in string
theory), F4 (largest lattice symmetry in 4D), Hy (largest
non-crystallographic symmetry)

@ Exceptional D4 and F4 arise from series A3 and Bs

@ In fact, as we have seen one can strengthen this statement on
inducing polytopes to a statement on inducing root systems
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A 3D spinorial view of 4D exceptional phenomena

Root systems in three and four dimensions

The spinors generated from the reflections contained in the
respective rank-3 Coxeter group via the geometric product are
realisations of the binary polyhedral groups Q, 2T, 20 and 2/,

which were known to generate (mostly exceptional) rank-4 groups,
but not known why, and why the ‘mysterious symmetries’.

rank-3 group | diagram H binary H rank-4 group ‘ diagram ‘

A1><A1><A1 O O O Q A1><A1><A1><A1 O O O O
A3 0—0—o0 2T Dy i
Bs o—oio 20 Fy4 o—oio—o
Hs o—oio 21 Hy o—o—oio

Pierre-Philippe Dechant
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A 3D spinorial view of 4D exceptional phenomena

Induction Theorem — automorphism

@ So induced 4D polytopes are actually root systems.

@ Clear why the number of roots |®| is equal to |G|, the order
of the spinor group

@ Spinor group is trivially closed under conjugation, left and
right multiplication. Results in non-trivial symmetries when
viewed as a polytope/root system.

@ Now explains symmetry of the polytopes/root system and
thus the order of the rank-4 Coxeter group

@ Theorem: The automorphism group of the induced root
system contains two factors of the respective spinor group
acting from the left and the right.
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A 3D spinorial view of 4D exceptional phenomena

Spinorial Symmetries of 4D Polytopes

Spinorial symmetries

’ rank 3 ‘ || ‘ |W| ‘ rank 4 ‘ || ‘ Symmetry
Az 12 | 24 Dy 24-cell 24 | 2-24° =576
B3 18 | 48 Fa lattice 48 | 48% =2304
Hs 30 | 120 | H, 600-cell | 120 | 120% = 14400
A3 6 8 A7 16-cell 8 | 31.8°=384

AL DA 8 12 | Ay@® Ay prism | 12 122 =144
AL @ Ho 12 | 20 | Ho® Ho prism | 20 202 =400
Ai@hb(n) | n+2 | 2n | h(n)&h(n) | 2n (2n)?
Similar for Grand Antiprism (Hs without Ha @ H,) and Snub
24-cell (21 without 2T). Additional factors in the automorphism
group come from 3D Dynkin diagram symmetries!
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A 3D spinorial view of 4D exceptional phenomena

Some non-Platonic examples of spinorial symmetries

@ Grand Antiprism: the 100 vertices achieved by subtracting 20
vertices of H> ® H> from the 120 vertices of the Hy root
system 600-cell — two separate orbits of H, ® H>

@ This is a semi-regular polytope with automorphism symmetry
Aut(Hp @ Hs) of order 400 = 20?

@ Think of the H> ® H» as coming from the doubling procedure?
(Likewise for Aut(Az @ Ap) subgroup)

@ Snub 24-cell: 2T is a subgroup of 2/ so subtracting the 24
corresponding vertices of the 24-cell from the 600-cell, one
gets a semiregular polytope with 96 vertices and
automorphism group 27 x 2T of order 576 = 242,
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Arnold’s Trinities

Arnold’s observation that many areas of real mathematics can be
complexified and quaternionified resulting in theories with a similar
structure.

The fundamental trinity is thus (R, C,H)

The projective spaces (RP",CP" HP")

The spheres (RP! = S1,CP? = S2 HP! = 5%)

The Mabius/Hopf bundles (St — S, 5% — 52,57 — S%)
The Lie Algebras (Es, E7, Es)

The symmetries of the Platonic Solids (As, Bz, H3)

The 4D groups (D4, Fa, Ha)

New connections via my Clifford spinor construction (see
McKay correspondence)

Pierre-Philippe Dechant Affine symmetry principles for non-crystallographic systems & :



A 3D spinorial view of 4D exceptional phenomena

Platonic Trinities

@ Arnold’s connection between (As, Bz, H3) and (Da, F4,Ha) is
very convoluted and involves numerous other trinities at
intermediate steps:

@ Decomposition of the projective plane into Weyl chambers
and Springer cones

@ The number of Weyl chambers in each segment is
24=2(14+3+3+5),48=2(1+5+7+11),120 =
2(14+114+19+29)

@ Notice this miraculously matches the quasihomogeneous
weights ((2,4,4,6),(2,6,8,12),(2,12,20,30)) of the Coxeter
groups (Da, Fy, Ha)

@ Believe the Clifford connection is more direct
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A unified framework for polyhedral groups

Group Discrete subgroup Action Mechanism
S0(3) rotational (chiral) x — RxR

0(3) reflection (full/Coxeter) x — +AxA
Spin(3) binary (Ri,R2) — RiRx
Pin(3) pinor (A1,A2) — A1A;

@ e.g. the chiral icosahedral group has 60 elements, encoded in
Clifford by 120 spinors, which form the binary icosahedral
group

@ together with the inversion/pseudoscalar I this gives 60
rotations and 60 rotoinversions, i.e. the full icosahedral group
Hs in 120 elements (with 240 pinors)

@ all three are interesting groups, e.g. in neutrino and flavour
physics for family symmetry model building
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Some Group Theory: chiral, full, binary, pin

@ Easy enough to calculate conjugacy classes etc of pinors in
Clifford algebra

Chiral (binary) polyhedral groups have irreps
tetrahedral (12/24): 1,1, 1”7, 2,, 2., 27, 3
octahedral (24/48): 1,1, 2, 2., 2., 3, 3, 4,
icosahedral (60/120): 1, 2, 2., 3, 3, 4, 4, 5, 6

Binary groups are discrete subgroups of SU(2) and all thus
have a 2 spinor irrep

@ Connection with the McKay correspondence!
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Affine extensions — E8:

) O O O O O
o o (0% o3 (07} O O (074

—0p =201+ 302 +403+ 504+ 605+ 406 + 207 + 308

AKA E; and along with Ef " and E5 *" thought to be the
underlying symmetry of String and M-theory

Also interesting from a pure mathematics point of view: Eg lattice,
McKay correspondence and Monstrous Moonshine.

Pierre-Philippe Dechant Affine symmetry principles for non-crystallographic systems & :



A 3D spinorial view of 4D exceptional phenomena

The McKay Correspon

binary polyhe-
dral groups
2T, 20, 21

Yd; 12, 18, 30
STd? 24, 48,120

McKay correspondence
Exceptional
Lie Groups
Es, 12
E:, 18
Eq, 30
(Coxeter numbers)

Pierre-Philippe Dechant
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A 3D spinorial view of 4D exceptional phenomena

The McKay Correspondence

Platonic Solids
3D Coxeter groups
As, By, Hy
12, 18, 30

|PPD Clifford spinors

binary polyhe-
dral groups
Affine exten- Monster, Baby
. lattices 2T, 20, 21 Monster. Leoch?
sions, ices S d; 12, 18, 30 onster, Leech?

S d? 24, 48, 120

PPD Clifford spinors
McKay correspondence

Exceptional

Lie Groups 4D root systems
Eg, 12 Dy, 24%
Er, 18 Fy, 482,
Es, 30 Hy, 1202, 30

(Coxeter numbers)
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The McKay Correspondence

More than E-type groups: the infinite family of 2D groups, the
cyclic and dicyclic groups are in correspondence with A, and D,
e.g. the quaternion group @ and DZF. So McKay correspondence

not just a trinity but ADE-classification. We also have ,(n) on top
of the trinity (As, B3, H3)

rank-3 group | diagram binary rank-4 group diagram Lie algebra diagram
o
AjxAyxA |9 © © 0 |[AixAixAix4A | © 9 9 © D; o
A o—0—0 2T Ds > I ° E; o—0 i 0—0
B o—o—0 20 F. O—O0—0—0 b]‘ O—O0—0 I O
H o—0o—0 21 Hy —0—0 Eg‘ AO—O—O—O—JJ—U—"'
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4D geometry is surprisingly important for HEP

4D root systems are surprisingly relevant to HEP

A4 is SU(5) and comes up in Grand Unification

Dy is SO(8) and is the little group of String theory

In particular, its triality symmetry is crucial for showing the
equivalence of RNS and GS strings

By is SO(9) and is the little group of M-Theory

@ F4 is the largest crystallographic symmetry in 4D and Hjy is
the largest non-crystallographic group

@ The above are subgroups of the latter two

@ Spinorial nature of the root systems could have surprising
consequences for HEP
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Conclusions

Conclusions

@ Novel mathematical structures — Interesting in their own right

@ Numerous applications to real systems: Viruses, Proteins,
Fullerenes, Quasicrystals, Tilings, Packings etc.

@ Potential applications to engineering and medicine:
nanotechnology and drug delivery

@ Novel connection between geometry of 3D and 4D

@ In fact, 3D seems more fundamental — contrary to the usual
perspective of 3D subgroups of 4D groups

@ Clear why spinor group gives a root system and why two
factors of the same group reappear in the automorphism group
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Conclusions

Thank you!
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