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ABSTRACT Swarm-inspired computing techniques are the best candidates for solving various nonlinear
problems. The current study aims to exploit the swarm intelligence technique known as Particle Swarm
Optimization (PSO) for the numerical investigation of a nonlinear system of latently infected CD4+T cells.
The strength of the Mexican Hat Wavelet (MHW) based unsupervised Feed Forward Artificial Neural
Network (FFANN) is used to solve the nonlinear system of latently infected CD4+T cells. The function
approximation of unsupervised ANN is used to construct the mathematical model of the latently infected
CD4+T cells by defining the error function in the mean square manner. The adjustable parameters called
the unknowns of the network are optimized by using the Particle Swarm Optimization (PSO), Nedler Mead
Simplex Method (NMSM), and their hybrid PSO-NMSM. The PSO applied for the global optimization
of weights aided by the NMSM algorithm for rapid local search. Finally, a Comprehensive Monte Carlo
simulation and statistical analysis of the analytical method, numerical Range Kutta (RK) method, ANN
optimized with Genetic Algorithm (GA) aided with Sequential Quadratic Programming (SQP) known as
GA-SQP, ANN-PSO-SQP and the proposed MHW-HIVFFANN-PSO-NMSM are performed to validate the
effectiveness, stability, convergence, and computational complexity of each scheme. It is observed that the
proposedMHW-FFANN-HIVPSO-NMSM scheme has converged in all classes at 10−6, 10−7, and 10−8 and
solved the nonlinear system of latently infected CD4+ T cells more accurately and effectively. The absolute
error lies in 10−3, 10−4, 10−4, and 10−5 for numerical, ANN-GA-SQP, ANN-PSO-SQP, and proposed
MHW-ANN-PSO-NMSM respectively. Moreover, the proposed scheme is stable for the large number of
independent runs. The values for global statistical indicators’ global mean squared error are lies 8.15E-09,
3.25E-10, 4.15E-09, and 3.15E-10 for class X(t), W(t), Y(t), and V(t) respectively whereas the global mean
absolute deviation lies in range 7.35E-09, 8.50E-10, 2.10E-10 and 7.10E-09.

INDEX TERMS Mathematical modeling, artificial neural network, hybrid optimization, nonlinear system
of latently infected CD4+ T cells, Monte Carlo simulations, ANN-based numerical treatment.

I. INTRODUCTION
HIV is an infectious disease that affects the body’s immune
system by manipulating the body’s liquids and killing the T

The associate editor coordinating the review of this manuscript and

approving it for publication was Qichun Zhang .

cells of the body. The forecasting of HIV is challenging in
the early stage of the disease. In the recent past many math-
ematical models have been proposed to forecast and model
the dynamics of HIV infections [1], [2]. These mathematical
models are nonlinear differential coupled systems and can
be solved by using analytical and numerical solvers. These
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solvers are proven well and solve the nonlinear differential
system accurately and effectively but have many limitations.
For instance, the Analytical and numerical solvers are not
generalized and the computation of these solvers cannot be
paralyzed over the parallel system. The numerical solvers
work on the discretization of the domain under consideration
and assumption to solve complex problems and are not gener-
alized because they cannot be used to solve various problems.
Additionally, these models are computationally complex.

During the last decade, ANN-bas numerical solvers opti-
mized with different global, local, and hybrid-based opti-
mized techniques have gained more attention for solving the
complex nonlinear systems of various problems like medical
viruses, computer viruses, physics, and so forth. In 1998,
Lagaris proposed neural network-based models to solve the
nonlinear problem by converting the boundary value problem
into an optimization problem [3]. The use of an ANN-based
solver has many advantages over the numerical solver, for
instance, the solution of ANN-based solvers is very close to
the analytical solver.

ANN-based solvers provide the generalized solution
of nonlinear problems, the computational complexity of
ANN-based solvers does not increase with the increase in
the sampling points and they can be implemented on parallel
architecture. ANN-based numerical solvers can approximate
any kind of problem directly without any domain knowledge,
an assumption for the solution, and the dataset. The super-
vised ANN solvers have limitations but the unsupervised
ANN-based numerical solvers have proven more promising
in solving the complex problems of engineering, medicine,
and so forth [4], [5], [6]. Many complex systems of science,
engineering, medical viruses, computer viruses, and physics
are presented in the form of non-linear differential systems.
These systems are used to solve real-time complex prob-
lems accurately, ANN-based Numerical solvers are proven
to solve these systems accurately and effectively, moreover,
the ANN-based numerical solvers are fast and can solve the
dynamic system where the input, environment, and condi-
tions are changed in real-time. This makes the ANN-based
numerical solver more effective in solving real-time complex
problems where the conations and data may change over
time [4], [7], [8].

ANN-based solvers are used to solve the nonlinear Lien-
ard differential Model [9], nonlinear complex system of
predator pre-model [10], lane Emden Model [11], [12],
film flow model [13], mass and heat transfer model [14],
short-term hydrothermal coordination [15], large scale sys-
tem [16], Emden-Fowler problem [17], life Cycle Optimiza-
tion problem [18], Flierl equations [19], [20], heat condition
model [14], [21], Singular Periodic boundary problem [22],
prey- Predictive system [10], [23], Smoke Problem [24],
nervous stomach model [25], Engineering problems [26],
Transport system [27], and the medical industry for instance
nonlinear COVID system [28], [29], [30], [31], [32], [33],
[34], [35], [36], [37], HIV nonlinear system [38], [39], [40],
the nonlinear system for dengue fever [41], [42], [43], [44],

[45], hepatitis nonlinear system [46], a system of influenza
virus [47], [48], [49], and HBV virus [50].

The unknown of the ANN-based numerical solvers needs
to be optimized for a better solution to the nonlinear system.
The adjustable weights of the ANN-based solvers can be opti-
mized by swarm-based algorithms, bio-inspired algorithms,
local search optimizers, and a Hybrid of these.

The majority of the solvers used bio-inspired GA, Swarm
PSO, and Ant Colony Optimization (ACO) as global opti-
mizers along with the SQP and ASA [16], [18], [20]. The
ANN-based solvers used the Log sigmoid, Morlet Wavelet
(MW), and Mexican Hat Wavelet (MHW) as activation func-
tions [10], [25], [38], [39], [41], [51], [52].

The ANN-based solution optimized with GA-SQP to solve
the nonlinear system of latently infected CD4+ T cells is pre-
sented in [38]. The authors proposed the ANN-based solver
to solve the nonlinear system of latently infected CD4+ T
cells. The proposed model performs well in terms of absolute
error and stability. The built-in log sigmoid has been used
as an activation function. However, the computational com-
plexity and the absolute error of the proposed scheme are not
promising furthermore the stability in terms of Global Mean
Square Error (GMSE) and Global Mean Absolute Deviation
(GMAD) needs to improve.

In the recent past, theMHW-based neural network has been
proven well to solve a variety of nonlinear systems [52]. The
use of PSO with the Nelder Mead Simplex Method to solve
the nonlinear system also needs to be investigated. The use of
MHW-ANN optimized with the PSO-NMSM can be a good
candidate to solve the nonlinear system of latently infected
CD4+ T cells.
In a word, there is a need to investigate alternative

ANN-based numerical solvers to solve the nonlinear system
of latently infected CD4+ T cells. In this work, a Mexi-
can Hat Wavelet Based Single Layer ANN optimized with
PSO-NMSM is proposed to solve the nonlinear system of
latently infected CD4+T cells. The primary contributions of
the study as compared to the findings of the previous studies
are as follows.

• The study proposed the Mexican Hat Wavelet-based
Feed Forward Single Layer Artificial Neural Network
(MHW-HIVFFADNN) to solve the nonlinear system of
latently infected CD4+ T cells.

• The adjustable parameters of the neural network are
tuned in a hybridmanner using a swarm-based algorithm
PSO aided with NMSM an inferior local search tech-
nique called PSO-NMSM.

• To validate the accuracy, convergence, and effectiveness
of the proposed scheme, a detailed simulation has been
performed using an analytical approach, numerical tech-
nique (RK), ANN optimized with GA-SQP [38], and
proposed schemes.

• The computational complexity and reliability of the pro-
posed scheme are also analyzed through a large number
of independent runs.
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The rest of the article is summarized as: section II discusses
the mathematical model of CD4+T cells, the mathematical
formulation of ANN with the Mexican hat wavelet func-
tion, the construction of error error-based fitness function,
the optimization procedure, and the performance matri-
ces. Section III narrates the simulation and results while
section IV is based on the detailed discussion of the results.
Section V is based on the concluding remarks and future
work.

II. MATERIALS AND METHODS
A. PROBLEM FORMULATION
HIV nonlinear system of latently infected CD4+ T cells is
presented in [38] and expressed in (1).

dX
dt

= µ − dX − αXV X (0) = I1,

dW
dt

= − (q− 1) αXV − eW − λW W (0) = I2,

dY
dt

= λW − αY + qαXV Y (0) = I3,

dV
dt

= −V + kY V (0) = I4, (1)

In the above equation, the variables X, W, Y, and V are
Susceptible, Infected, Latently, and Infected classes respec-
tively. I1, I2, I3, and I4 are the initial conditions whereas the
constants, α is the infection rate, λ recovery rate, µ UR of the
CD4+T cells, d death ratio for susceptible cells, a death ratio
for the improved cell, e infection rate k is the latent rate and
the q is the elimination rate.

B. MATHEMATICAL FORMULATION OF ANN
The general form of the Differential Neural Network for the
first derivate and nth derivate to formulate the problem is
presented in (2)-(3) [17]. The graphical representation of the
MHW-based ANN to solve the nonlinear differential equa-
tions is presented in (2)-(3) is shown in Figure. 1.

ỹ (x) =

∑n

i=1
(αif (wix+bi) (2)

dnỹ
dxn

=

∑n

i=1
αi
dn

dtn
f (wix + bi) (3)

In the above equations, the parameters α, b, and w are the
adjustable parameters of the single-layer feed-forward net-
work. Whereas f is the activation function. The adjustable
parameters are optimized by using the swarm-based PSO,
local optimizer NMSM, and their hybrid. In this work, the
MHW is used as an activation function the mathematical
formulation of the activation function is expressed in (5).

C. DESIGN OF MHW-HIVFFANN-PSO-NMSM
The neural network formulation of the system of non-linear
differential equations expressed in (1) is represented in (4).
The Graphical representation of the flow of the proposed
framework is shown in Figure. 2.

dX̃
dt

= µ − dX̃ − αX̃ Ṽ , X (0) = I1

FIGURE 1. Graphical representation of the feed forward MHW artificial
neural network.

FIGURE 2. Work flow of the proposed technique.

dW̃
dt

= − (q− 1) αX̃ Ṽ − eW̃ − λW̃ , W (0) = I2,

dỸ
dt

= λW̃ − αỸ + qαX̃ Ṽ , Y (0) = I3,

dṼ
dt

= −Ṽ + kỸ ,V (0) = I4, (4)
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The mathematical representation of theMexican HatWavelet
as an activation function is given by (5).

f (t̃) =
2

√
3
π−

1
4

(
1 − t2

)
e−

t2
2 (5)

By applying (5), (4) becomes

dX̃
dt

=

n∑
i=1

αX̃ i

×

[
2

√
3
π−0.25(1 − (wX̃ it + bX̃ i)

2
)e−0.5(wX̃ it+bX̃ i)

2
]

dW̃
dt

=

∑n

i=1
αW̃ i

×

[
2

√
3
π−0.25(1 − (wW̃ it+bW i)

2
)e−0.5(wW̃ it+bW̃ i)

2
]

dỸ
dt

=

n∑
i=1

αṼ i

×

[
2

√
3
π−0.25(1 − (wỸ it + bY i)

2
)e−0.5(wỸ it+bỸ i)

2
]

dṼ
dt

=

n∑
i=1

αṼ i

×

[
2

√
3
π−0.25(1 − (wṼ it + bṼ i)

2
)e−0.5(wṼ it+bṼ i)

2
]
(6)

The first derivative of the system of the equation is presented
in (7).

dX̃
dt

=

n∑
i=1

[2αX̃ i
2

√
3
π−0.25e−05(bX̃ i+twX̃ i)

2

wX̃ i

×

(
bX̃ i + twX̃ i

)
− αX̃ i

2
√
3
π−0.25e−05(bX̃ i+twX̃ i)

2

.wX̃ i(bX̃ i + twX̃ i)(1 − (bX̃ i + twX̃ i)
2
)]

dW̃
dT

=

∑n

i=1
[2αW̃ i

2
√
3
π−0.25e−05(bW̃ i+twW̃ i)

2

wW̃ i

×

(
bW̃ i + twW̃ i

)
− αW̃ i

2
√
3
π−0.25e−05(bĨ i+twĨ i)

2

.wW̃ i(bW̃ i + twW̃ i)(1 − (bW̃ i + twW̃ i)
2
)]

dỸ
dT

=

n∑
i=1

[2αỸ i
2

√
3
π−0.25e−05(bỸ i+twỸ i)

2

wỸ i

×

(
bỸ i + twỸ i

)
− αỸ i

2
√
3
π−0.25e−05(bỸ i+twỸ i)

2

.wỸ i(bỸ i + twỸ i)(1 − (bỸ i + twỸ i)
2
)]

dṼ
dT

=

∑n

i=1
[2αṼ i

2
√
3
π−0.25e−05(bṼ i+twṼ i)

2

wṼ i

×

(
bṼ i + twṼ i

)
− αṼ i

2
√
3
π−0.25e−05(bṼ i+twṼ i)

2

.wṼ i(bṼ i + twṼ i)(1 − (bṼ i + twṼ i)
2
)] (7)

The mathematical formation of the nonlinear system of
latently infected CD4+T cells of latently infected cells is
presented as follows in (8).[

dX̃
dt

,
dW̃
dt

,
dỸ
dt

,
dṼ
dt

]

=

[∑n

i=1
αX̃ i

[
2

√
3
π−0.25

× (1 − (wX̃ it + bX̃ i)
2
)e−0.5(wX̃ it+bX̃ i)

2
]

,

×

∑n

i=1
αW̃ i

[
2

√
3
π−0.25

× (1 − (wW̃ it + bW i)
2
)e−0.5(wW̃ it+bW̃ i)

2
]

,

×

∑n

i=1
αṼ i

[
2

√
3
π−0.25

× (1 − (wỸ it + bY i)
2
)e−0.5(wỸ it+bỸ i)

2
]

,

×

∑n

i=1
αṼ i

[
2

√
3
π−0.25

× (1 − (wṼ it + bṼ i)
2
)e−0.5(wṼ it+bṼ i)

2
]]

(8)

The unknowns of the designed Feed Forward single-layer
unsupervised neural network are presented as follows

Weight [wX , αX , bX ] =

∑10

m=0
[wiX , αiX , biX ] (9)

Weight [wW , αW , bW ] =

∑10

m=0
[wiW , αiW , biW ] (10)

Weight [wY , αY , bY ] =

∑10

m=0
[wiY , αiY , biV ] (11)

Weight [wY , αY , bY ] =

∑10

m=0
[wiY , αiY , biV ] (12)

The unknown vector W can be presented as

W = [WX ,WW ,WY ,WV ] (13)

The parameters of the (13) are expressed as

WX = [wX , αX , bX ],WW = [wW , αW , bW ],WY

= [wY , αY , bY ] ,WV = [wV , αV , bV ] (14)

The FFANN-based formulation of the nonlinear system of
latently infected CD4+ T cells along with the error-based
mean fitness function of the system is as follows.

dX̃
dt

− µ + dX̃ + αX̃ Ṽ = 0 X (0) = I1,

dW̃
dt

+ (q− 1) αX̃ Ṽ + eW̃ + λW̃ = 0 W (0) = I2,

dỸ
dt

− λW̃ + αỸ − qαX̃ Ṽ = 0 Y (0) = I3,

dṼ
dt

+ Ṽ − kỸ = 0 V (0) = I4, (15)
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D. CONSTRUCTION OF FITNESS FUNCTION
The fitness function of the proposed scheme is developed
in an unsupervised manner by using the error function. The
mathematical formulation of the fitness function with the
constraints of the fitness function is presented in (16)-(21).

(ϵX )2 =
1

N + 1

∑N

m=0

[
dX̃
dt

− µ + dX̃ + αX̃ Ṽ = 0

]2

(16)

(ϵW )2 =
1

N + 1

∑N

m=0

×

[
dW̃
dt

+ (q− 1) αX̃ Ṽ + eW̃ + λW̃ = 0

]2

(17)

(ϵY )2 =
1

N + 1

∑N

m=0

[
dỸ
dt

− λW̃ + αỸ − qαX̃ Ṽ = 0

]2

(18)

(ϵV )2 =
1

N + 1

∑N

m=0

[
dṼ
dt

+ Ṽ − kỸ = 0

]2

(19)

(ϵ)2 =
1
4

[(
X̃0 − I1

)2
+

(
W̃0 − I2

)2
+

(
Ỹ0 − I3

)2
+

(
Ṽ0 − I4

)2]
(20)

ϵXWYV =

(
1

N + 1

∑N

m=0

[
dX̃
dt

− µ + dX̃ + αX̃Ṽ = 0

]2

+
1

N + 1

∑N

m=0

×

[
dW̃
dt

+ (q − 1) αX̃Ṽ + eW̃ + λW̃ = 0

]2

+
1

N + 1

∑N

m=0

×

[
dỸ
dt

− λW̃ + αỸ − qαX̃Ṽ = 0

]2

+
1

N + 1

∑N

m=0

[
dṼ
dt

+ Ṽ − kỸ = 0

]2

+
1
4

[(
X̃0 − I1

)2
+

(
W̃0 − I2

)2
+

(
Ỹ0 − I3

)2
+

(
Ṽ0 − I4

)2]]
(21)

E. OPTIMIZATION
PSO is a global optimizer algorithm that is based on the
natural behavior of objects like birds flocking and the
community-based social relation of humans.

The core concept of the PSO is the position and velocity
of the particles like the weights of the neural network, birds

Algorithm 1 Proposed Hybrid PSO-NMSM
Step 1: Initialization of the Particles
Create a primary swarm as a set of arbitrarily dispersed
particles using constrained real values. These values should
have better search space to be spared. A candidate solution
has been assigned to each particle of the unknown parameters
of the MHW-HIVFFANN-PSO-NMSM.
P = [α1, α2, α3 . . .αn, b1, b2, b3 . . . bn, w1, w2, w3. . . , wn]

Step 2: Formulation of Fitness Evaluation Function and eval-
uation
The fitness evaluation function has been formulated using
Eq.16 and its fitness value is calculated for each particle
while the velocity and position updating have been carried
by the standard equations of the PSO algorithm available in
the literature.
Step 3: Termination criteria
Terminate the execution of PSO if any one of the following
conditions fulfills

• Predefined fitness value achieved
• A maximum number of iterations are executed
• Tolcon = 10−12

If termination criteria meet then go to step 6 else continue.
Step 4: Ranking
Updated the global and local best particles of the swarm and
ranked them according to the maximum fitness
Step 5: Renewal of particle by updating the velocity and
position
Updated velocity and position of the particles using Eq.22.
Repeat steps 2 to 5 until the total number of flights is com-
pleted
Step 6: Refinement using the Nelder Mead Simplex Method
Fine-tuning of the results obtained from the PSO is performed
using the Nelder Mead Simplex, in this regard the best par-
ticles obtained for PSO are given to the local optimizer as a
starting point.
Step 7: Data storage for statistical analysis

• Store the weights of the best particle of the network
• Store the best fitness values
• Store the execution Time

in the flock in the individuals in the social community. For
each iteration, the velocity of the particles is updated by using
the position of the particle called pi and the position of the
particles with each particle of the population called the pg.
During the last few decades, the use of the PSO has been
promising to solve optimization problems. PSO has been used
as an optimization method in a variety of applications [53],
[54], [55], [56].

PSO has many advantages over the other global optimiza-
tion algorithms for instance, in contrast to the GA the PSO
is less complex for function evaluation because the PSO
does not use additional operations like a crossover, selection
operator, etc.
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TABLE 1. Parameters setting for proposed PSO-NMSM.

The major disadvantage of the SPO is it is stuck in global
optima and unable to give the best local solution to the prob-
lem. To solve the constraint optimization problems, Nelder
Mead’s simplex algorithm is a local search optimization
algorithm and was found to be promising in different appli-
cations. The working and application of the Nelder Mean
Simplex Method minimization have been found in [57] and
[58]. The major disadvantage of the NMSM is it struck in
local optima and is unable to give the best global solution.
The mutual strength of the PSO and NMSM algorithm is used
to optimize the unknown design parameters of the proposed
neural network to solve the coupled nonlinear HIV infection
model of Latently Infected cells. The hybrid PSO-NMSM
is presented in algorithm 1. The parameters used by hybrid
PSO-NMSM are tabulated in Table 1.

For reliability, repeat steps 1 to 6 for a sufficiently large
number of independent runs to get the results for a compre-
hensive statistical analysis.

F. PERFORMANCE INDICES
To check the reliability of the proposed scheme, the results
have been analyzed by using different performance indi-
cators, for instance, Absolute Error (AE), Global Mean
Absolute Error (GMAE),Mean Squared Error (MSE), Global
Mean Squared Error (GMSE), Mean Absolute Deviation in
term of Absolute Error (MAD), and Global Mean Absolute
Deviation (GMAD). The equation of the AE, MSE, GMSE,
MAD, and GMAD is shown in (22)-(26).

E =

∑n
K=1

∣∣∣Q0 − Q̃0
∣∣∣

K
(22)

MSE =

√√√√∑n
K=1

∣∣∣Q0 − Q̃0
∣∣∣

K
(23)

GMSE =

∑100

i=1

∑n
K=1

∣∣∣Q0 − Q̃0
∣∣∣

K

 (24)

MAD =

∑n
K=1

∣∣∣Q0 − Q̃0
∣∣∣

K
(25)

TABLE 2. Parameter setting for nonlinear system of latently infected
CD4+ T cells [38].

GMAD =

∑100

i=1

∑n
K=1

∣∣∣Q0 − Q̃0
∣∣∣

K

 (26)

where Q can be represented as X, W, Y, and V respectively.
The study also investigated the MET to check the computa-
tional complexity of the proposed scheme over the existing,
ANN-GASQP, ANN-PSO-SQP, PSO, and NAMS optimizer

III. SIMULATIONS AND RESULTS
This section discussed the solution of the nonlinear system
of latently infected CD4+ T cells presented in (1). The
performance of the proposed hybrid MHW-HIV FFADNN-
PSO-NMSM is analyzed by using the comparative analysis of
the results with the results presented in [38] and the solution
of PSO-SQP. To validate the accuracy, precision, and relia-
bility of the proposed scheme, an inclusive statistical analysis
has also been performed in this section.

The reference solution of the nonlinear system of latently
infected CD4+ T cells using (1) with parameter values
presented in Table 2 for RK solver, ANN-based solution
presented in [38], ANN-based PSO-SQP solver and proposed
scheme are obtained for the input values with range 0-1 and
step function of 0.1. The results of the proposed MHW-
HIVFFADNN-PSO-NMSM are analyzed with RK based
solver, ANN-based solver presented in [38], and ANN-PSO-
SQP solver in terms of Absolute Error (AE).

To solve the nonlinear system presented in (1), the weights
of the proposed MHW-ANN are optimized with PSO-
NMSM. The best weights are gained with the 100 number
of independent runs while using the 10 number of neu-
rons. Figure 3 depicts the best weights gained by Particle
Swarm Optimization (PSO), Nelder Mead Simplex Method
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FIGURE 3. Best weights gained by (a) PSO, (b) Nelder mead simplex
method and (c) Proposed PSO-NMSM.

(NMSM), and hybrid (PSO-NMSM). These weights are used
to calculate the approximate solution of the system-based
latently infected CD4+ T cells.
The obtained results of MSE for PSO, NMSM, and

PSO-NMSM are plotted in Figure 4 while Figure 5 shows the
best Mean Absolute Deviation (MAD) values in terms AE for
PSO, NMSM, and PSO-NMSM. These values are obtained
by Eq. (24) and Eq. (26). It is evident that the MSE values lies
in the range of 6.50 E-07 to 8.30 E-04, 6.30 E-06 to 7.50 E-04
and 7.20 E-09 to 3.60 E-06 for PSO, NMSM and hybrid PSO-
NMSM respectively. The values of MAD are in the range

FIGURE 4. Mean square error values (a) PSO, NMSM (b) Proposed
PSO-NMSM.

6.25 E-06 to 8.15 E-04, 9.50 E-06 to 6.30 E-04, 7.20 E-11
to 9.10 E-06.

To check the accuracy of the proposed scheme, the solution
of the system presented in (1) having the classes X(t), W(t),
Y(t), and V(t) for numerical solution and X̃(t), W̃(t), Ỹ(t)
and Ṽ(t) for ANN-based solutions is also presented. The
system presented in (27) is used to approximate the solution
of the nonlinear HIV infection model of Latently Infected
CD4+ T cells. One can conclude that GA-SQP, PSO-SQP
with log sigmoid, and the proposed MHW-HIVFFADNN-
PSO-NMSM solved the system accurately. it has also been
observed that the proposed MHW-PSO-NMSM outperforms
in terms of Absolute Error (AE).

ϵXWYV

=

(
1
11

∑N

m=0

[
dX̃
dt

− (0.4) + d(0.01) + (0.04)X̃Ṽ

]2

+
1
11

∑N

m=0

[
dW̃
dt

+ ((0.08) − 1) (0.04)X̃ Ṽ + (0.1)W̃

+(0.3)W̃
]2

+
1
11

∑N

m=0

[
dỸ
dt

− (0.3)W̃ + (0.04)Ỹ

−(0.08)(0.04)X̃Ṽ
]2

+
1
11

∑N

m=0
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FIGURE 5. Mean average deviation values (a) PSO, NMSM (b) Proposed
PSO-NMSM.

×

[
dṼ
dt

+ Ṽ − (0.6)Ỹ = 0

]2

+
1
4

[(
X̃0 − 7

)2
+

(
W̃0 − 2

)2
+

(
Ỹ0 − 1

)2
+

(
Ṽ0 − 3

)2]]
(27)

The solution of the nonlinear system, based on Latently
Infected CD4+ T cells is plotted in Figure 6 while Figure 7
depicts the AE of numerical, ANNGA-SQP, ANN PSO-SQP,
and proposed MHW-HIV FFADNN-PSO-NMSM solvers.

To validate the robustness of the proposed scheme, the
solution of the non-linear system of Latently Infected CD4+
T cells is also evaluated through the different parameter
values of the system. The system presented in (28) is used
to evaluate the solution for the second case. The values for
case 2 have been tabulated in Table 2. It is evident that the
results are consistent and overlap with the analytical solution.

ϵXWYV

=

(
1
11

∑N

m=0

[
dX̃
dt

− (0.5) + d(0.02) + (0.05)X̃Ṽ

]2

+
1
11

∑N

m=0

[
dW̃
dt

+ ((0.09) − 1) (0.05)X̃Ṽ
FIGURE 6. Solutions for analytical, numerical, GA-SQP, and Proposed
PSO-NASM (a) X̃(t), (b) W̃(t), (c) Ỹ(t), (d) Ṽ(t) for case 1.
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+(0.3)W̃ + (0.4)W̃
]2

+
1
11

∑N

m=0

[
dỸ
dt

− (0.4)W̃

+(0.05)Ỹ − (0.09)(0.05)X̃Ṽ
]2

+
1
11

∑N

m=0

[
dṼ
dt

+ Ṽ

−(0.7)Ỹ = 0
]2

+
1
4

[(
X̃0 − 8

)2
+

(
W̃0 − 4

)2
+

(
Ỹ0 − 3

)2
+

(
Ṽ0 − 5

)2]]
(28)

The solution for X̃(t), W̃(t), W̃(t), and Ṽ(t) along with the
absolute error are shown in Figures 8 and Figure 9.

The AE for case 2 for the solution of the nonlinear coupled
system of latently infected cells is shown in Figure 9.

It can be observed that the minimum AE values lie in the
range E-04, E -05, and E -06 for numerical solvers, ANNGA-
SQP, PSO-SQP, and proposed MHW-HIVFFADNN-PSO-
NMSM for classes X̃(t), W̃(t), W̃(t) and Ṽ(t) respectively. The
convergence analysis of the PSO, NMSM, GA-SQP, PSO-
SQP, and the proposed PSO-NMSMhas also been performed.
Results for fitness values and MSE are presented in Table. 4.
It is evident that the GA-SQP, PSO-SQP, and PSO-NMSM
converged in all cases for the values 10−6, 10−7, and 10−8

for fitness values and 10−7, 10−9, and 10−11 for MSE values.
However, the convergence of the proposed PSO-NMSM is
much better than the GA-SQP and PSO-SQP due to the high
computational complexity of the GA and SQP algorithms.
PSO with the Nelder Mead Simplex method converged fast
in all cases.

To validate the precision and accuracy of the proposed
scheme, statistical investigation in terms of mean, median,
and Standard deviation was also made. The results are tab-
ulated in Table 3a, Table 3b, Table 3c, and Table 3d. Results
show that the ANN-GA-SQP, PSO-SQP, and proposed
MHW-HIVFFADNN-PSO-NMSM are consistent, precise,
and accurate.

To confirm the global convergence and reliability of the
proposed scheme, Global performance operator GMAD and
GMSE for 100 independent runs are also examined. The
values of the proposed MHW-HIV FFADNN-PSO-NMSM
outperform the PSO and NMSM. The GMSE values are in
the range 8.15E-09, 3.25E-10, 4.15E-09, and 3.15E-10 for
X̃(t), W̃(t), Ỹ(t), and Ṽ(t) classes respectively. Whereas the
GMAD for the proposed scheme lies in the range 7.35E-09,
8.50E-10, 2.10E-10, and 7.10E-09.

IV. DISCUSSIONS
This section deals with a detailed discussion of the results
carried out in the previous section. This discussion includes
theMean Absolute Error, computational time analysis, global
mean Absolute error, and global mean Average deviation.

The accuracy of the proposed scheme along with the con-
vergence analysis has been carried out by measuring the
values of MAE and fitness values for the large number of
independent runs. The convergence analysis has been verified
through different convergence measures. For 100 runs the

FIGURE 7. Absolute error (a) Numerical, (b) ANN-GA-SQP, and
(c) PSO-NMSM.

proposed schemes converge on 10−6,10−7, 10−8, for fitness
values and 10−7, 10−9,10−11 for the MSE values. The results
of fitness values and the MAE are tabulated in Table 4. From
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FIGURE 8. Solutions for analytical, numerical, GA-SQP, and Proposed
PSO-NASM (a) X̃(t), (b) W̃(t), (c) Ỹ(t), (d) Ṽ(t) for case 2.

FIGURE 9. Absolute error (a) Numerical, (b) ANN-GA-SQP, and
(c) PSO-NMSM for case 2.
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TABLE 3. A) Statistical analysis of the proposed MHW-HIV
FFADNN-PSO-NMSM for class X̃(t), B) Statistical analysis of the proposed
MHW-HIV FFADNN-PSO-NMSM for class W̃(t), C) Statistical analysis of the
proposed MHW-HIV FFADNN-PSO-NMSM for class Ỹ(), D) Statistical
analysis of the proposed MHW-HIV FFADNN-PSO-NMSM for class Ṽ(t).

Table 4 it can be observed that the GA-SQP, PSO-SQP, and
the proposed PSO-NMSMhave amaximum convergence rate

TABLE 4. Convergence analysis with fitness values and MSE values with
different levels.

for the conditions given. The proposed scheme converges
with all classes and gives the most accurate solution.

The fitness functions ϵXWYV given in (17)-(21) are also
examined for the 100 number of independent runs. By using
the meeting conditions 10−7, 10−9,10−11 the results are tab-
ulated in Table 4. It can be seen that the proposed hybrid
PSO-NMSMscheme is consistent and converges in all classes
to solve the nonlinear system of latently infected cells of
CD4+ T, while the low convergence rate has been observed
for PSO and NMSM and is unable to meet the required
fitness.

The global statistical indicators, for instance, GMSE, and
GMAD have also been examined through the 100 indepen-
dent runs. The obtained results of GMSE and GMAD along
with the STD are tabulated in Table 5. It is found that the
values of the proposed MHW-HIV FFADNN optimized with
the hybrid PSO-NMSM are best to obtain the solution and
results are stable for a large number of runs. The Results of
the proposed schemes are very close to the reference and the
numerical solution with 6 decimal points. it is evident of the
good agreement of the proposed scheme.

The computational complexity of the proposed (MHW-
HIV FFADNN-PSO-NMSM) scheme has been analyzed
through the average execution time. The complexity of the
algorithm has been calculated for 100 liberated runs of
the proposed scheme for X̃(t), W̃(t), Ỹ(t), and Ṽ(t) classes
respectively. The results are evidence that the computational

VOLUME 12, 2024 103129



F. M. Riaz et al.: Numerical Treatment of Non-Linear System for Latently Infected CD4+T Cells

TABLE 5. Comparison through Global Performance Indicators GMSE and
GMAD.

TABLE 6. Computational complexity of the PSO, NMSM, ANN-GA-SQP,
and MHW-HIV FFADNN-PSO-NMSM.

complexity of the proposed MHW-HIV FFADNN-PSO-
NMSM is greater than the PSO and NMSM However, the
proposed scheme has less computational complexity than the
ANN-GA-SQP and PSO-SQP. The proposed scheme out-
performs the ANN-GA-SQP and ANN PSO-SQP regarding
computational complexity. The values for MET in minutes
are tabulated in Table 6. The computations are carried out
on HP Folio 9480 m, with an Intel (R) processor with
RAM 8 GB, an I7 processor, an SSD drive, and MATLAB
version 2020a.

V. CONCLUSION
This work presented a consistent, precise, and accurate
ANN-based neuroheuristic method optimized with PSO,
NMSM, and hybrid PSO-NMSM to solve the nonlinear sys-
tem of latently infected CD4+ T cells. The weights of the
proposed ANN-based solvers have been optimized with PSO
and NMSM in a hybrid manner. Comparison of the pro-
posed MHW-HIVFFADNN-PSO-NMSM with the analytical
solution, numerical solution of the ANN-GA-SQP solution,
ANN-PSO-SQP solution, and proposed solutions shows that
the proposed scheme solves the system accurately and effec-
tively for all classes, the results of the proposed scheme in
terms of absolute error are E-06 for both cases which are
better than the numerical solver which has absolute error E
-04 and the ANN-based solver with absolute error E-06. The
accuracy, convergence, and reliability of the proposed scheme
were validated through a large number of independent runs.
A comprehensive statistical analysis has also been performed.

it is evident that the proposed scheme gives consistent con-
vergence, and constant results for all cases of the nonlinear
system of latently infected cells of theHIVmodel. TheGlobal
Mean Square Error (GMSE) of the proposed scheme is 8.15E-
09 while the GMSE of the ANN solver based on GA-SQP,
PSO-SQP and the PSO are 8.25E-08 and 2.25E-04 for class
X̃(t) while 3.25E-10, 9.72E-08, 8.25E-05, 4.15E-09, 8.25E-
08, 2.25E-05, 3.15E-10, 8.15E-08, 7.25E-05 for W̃(t), Ỹ(t),
and Ṽ(t) respectively. The computational complexity of the
proposed scheme is 20.20 minutes which is high as compared
to the PSO with an execution time of 4.25 minutes and
NMSM with 5.15 minutes however, shows less complexity
as compared with the ANN-GA-SQP and PSO-SQP whose
execution time was 35.24 and 35.58 minutes. This is due to
the hybrid nature of the proposed scheme. Nevertheless, the
performance of the proposed scheme is better than the PSO
and NMSM.

In the future different alternative schemes, for instance,
ASA, ACO, GA along NMSM shall investigated. Further-
more, it will be interesting to use the proposed scheme
to solve the non-linear system related to computer viruses,
COVID-19, Dengue Fever, and other physical systems.
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